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Abstract
For a finite smooth algebraic group F over a field k and a smooth algebraic
group G¯ over the separable closure of k, we define the notion of F -kernel in G¯
and we associate to it a set of nonabelian 2-cohomology. We use this to study
extensions of F by an arbitrary smooth k-group G. We show in particular that
any such extension comes from an extension of finite k-groups when k is perfect
and we give explicit bounds on the order of these finite groups when G is linear.
We prove moreover some finiteness results on these sets.
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1 Introduction
It is a well known fact in abstract group theory that group extensions
1→ G→ E → F → 1,
where G is an abelian group and F is an arbitrary group, are classified by what are
called factor systems. In the modern language of cohomology theory, these factor sys-
tems turn out to be 2-cocycles for the group action of F on G given by conjugation in E.
Extensions like the one above are thus classified by the group cohomology set H2(F,G)
(cf. for example [Mac95, IV.4]). In a nonabelian context (that is, when G is also arbi-
trary), one loses the action of F over G given by conjugation in E but can still define the
notion of F -kernel (cf. [Mac95, IV.8]) which allows a description of the set of extensions.
Such a description can be generalized to the case of topological groups if one is care-
ful enough to impose the good conditions on the 2-cocycles one works with, a natural
condition being for instance continuity of all considered maps. This was already done
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for example by Springer in [Spr66], where he considers the action of the absolute Galois
group of a perfect field k on the ks-points of an algebraic group over k, where ks denotes
a separable closure of k, obtaining thus the notion of k-kernel. These ideas were later
resumed (and treated with much more precision and care) by Borovoi in the case of
linear groups over a field of characteristic 0 (cf. [Bor93]) and by Flicker, Scheiderer and
Sujatha in the more general case of smooth k-groups for arbitrary k (cf. [FSS98]). With
such tools one can prove interesting results, as for example Springer’s result stating the
existence, for an arbitrary homogeneous space under an algebraic group over a perfect
field of cohomological dimension ≤ 1, of a principal homogenenous space surjecting onto
it; or Borovoi’s abelianization of the nonabelian Galois cohomology and its known con-
sequences in the arithmetic study of homogeneous spaces.
However, if one wishes to extend such theories to algebraic groups acting on other
algebraic groups (having thus in mind studying their extensions), serious problems ap-
pear. For starters, an algebraic group, when considered as a group scheme over the base
field k, brings with it not a single group, but infinitely many (one for each scheme over
k), making it difficult to define the notion of kernel (let alone that of 2-cocycle) in this
context in a “naive” way (see however [Dem15]). These difficulties can be overcome in
the case where the group that acts is a finite smooth k-group. This is done by a slight
generalization of the nonabelian Galois cohomology cited above.
The interest for doing so is not only based on the simple question of understanding
algebraic group extensions, but also on the fact that one can use these tools in order to
exhibit finite subgroups of arbitrary algebraic groups which are defined over the base
field and intersect every connected component of the group. This has already been used
by the author in the study of Brauer groups of homogeneous spaces with non connected
stabilizer (cf. [LA15]), but also for example by Gille and Reichstein (cf. [GR09]) and by
Lötscher, MacDonald, Meyer and Reichstein (cf. [LMMR13]) in the study of essential
dimension for linear algebraic groups. In the latter, an important issue is to control the
prime numbers dividing the order of the finite group obtained. We thus try to control
this order in our main result in this direction (Theorem 3.2).
The existence of such subgroups had already been stated by Borel and Serre for a
perfect field k, although they only gave the proof for linear G and k = ks of characteris-
tic zero (cf. [BS64, Lem. 5.11 and footnote on p. 152]). This result was extended shortly
after by Platonov to the case of a perfect field, but still for linear groups (cf. [Pla66,
Lem. 4.14]). Finally, the same assertion has also been recently proved by Brion in an
even more general setting (cf. [Bri15, Thm. 1]), although with no explicit bounds on the
order of the finite groups thus obtained.
The structure of this article is then as follows:
In section 2, we recall the basic theory of kernels and nonabelian 2-cohomology (§2.1)
as well as that of actions by group automorphisms (§2.2). We define then the notion
of an F -kernel in G¯ for a finite smooth k-group F and a smooth ks-group G¯ (§2.3).
This allows us to define the notion of an outer action of F on a smooth k-group G as
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a particular type of F -kernel that appears naturally when studying extensions of F by
G. Later, we associate to an F -kernel a nonabelian 2-cohomology set (§2.4) and, in the
case of an outer action, we compare this cohomology set with the set of extensions of F
by G (§§2.5–2.7). Finally we describe the extensions by G via its smooth center (§2.8).
This last subsection is not used in the proof of our main theorem and hence it can be
skipped in the first lecture.
In section 3, we prove our main result on the “reduction” of extensions (Theorem
3.2). More precisely, given any extension of k-groups
1→ G→ H → F → 1,
there exists a finite smooth k-subgroup S of G and an extension of F by S pulling back
the original extension. Moreover, under further hypotheses, the result gives an explicit
bound on the order of S.
Finally, in section 4, we study the finiteness of the set of extensions of F by G.
It turns out that this set is actually always finite when k is a finite field and, when
G is linear, this is quite often the case also for other fields (Theorem 4.1). Here, the
description given in §2.8 is important for the proof of these results.
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2 Extensions of algebraic groups and nonabelian 2-
cohomology
Let k be a field, ks be a separable closure and Γ = Gal(ks/k) be the absolute Galois
group. We wish to study extensions of a finite smooth algebraic k-group F by another
smooth algebraic k-group G. In this section, we define a set of nonabelian 2-cohomology
that “almost” classifies extensions of F by G in this setting. Here, “almost” means that
there may be classes of extensions that fall into the same element of this set. This
shortcoming can be overcome (see §2.6 below): we will see in fact that two classes of
extensions will fall into the same element if and only if one of them is a very particular
twist of the other one.
For any k-group F , it is clear that we get an action of Γ on F (ks). Throughout
the text, we will use the notation FΓ for the semi-direct product F (ks) ⋊ Γ and we
will denote by γF the natural splitting Γ → FΓ. An arbitrary element of FΓ is written
(f, σ) := f · γF (σ), with f ∈ F (ks) and σ ∈ Γ.
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2.1 k-kernels and Γ-kernels
We fix here some notations we will be using in the definition of F -kernels below. For de-
tails on all the notions mentioned in this section, we send the reader to [Spr66], [Bor93]
and [FSS98]. Some familiarity with these references is expected from the reader in order
to follow the constructions in the subsequent sections. Mostly with the group cohomol-
ogy presented in [Spr66, 1.12–1.18] and the Galois cohomology presented in [FSS98, §1]
Let G¯ be a smooth algebraic group over ks. We denote by Aut(G¯) its group of
automorphisms of ks-group schemes. Consider now the group of k-semialgebraic auto-
morphisms (cf. [FSS98, 1.2]), denoted SAut(G¯/k), or simply SAut(G¯) if k is implicit.
This group fits into an exact sequence
1→ Aut(G¯)→ SAut(G¯)→ Γ, (2.1.1)
where Γ denotes the absolute Galois groupGal(ks/k). We denote by Int(G¯) the subgroup
of Aut(G¯) given by inner automorphisms. This is a normal subgroup of both Aut(G¯)
and SAut(G¯). Define then
Out(G¯) := Aut(G¯)/Int(G¯),
SOut(G¯) = SOut(G¯/k) := SAut(G¯/k)/Int(G¯).
Sequence (2.1.1) gives then the following exact sequence
1→ Out(G¯)→ SOut(G¯)
q
−→ Γ. (2.1.2)
Recall the definition of a k-kernel (cf. [FSS98, 1.11]):
Definition 2.1. A k-kernel in G¯ is a group homomorphism κ : Γ→ SOut(G¯) such that
(i) κ splits sequence (2.1.2), i.e. q ◦ κ is the identity on Γ, and
(ii) there exists a section f : Γ→ SAut(G¯) of (2.1.1) lifting κ that is continuous in the
sense of [FSS98, 1.10].
A pair (G¯, κ) as above is simply called a k-kernel. It will be said to be trivial if there
exists such an f which is moreover a splitting of (2.1.1).
For any smooth algebraic k-groupG there is a trivial k-kernel in Gks. Indeed, [FSS98,
1.4] tells us that such a group comes with a natural splitting fG of (2.1.1) for G¯ = Gks.
This induces a trivial kernel that we will denote by κG. Conversely (cf. [FSS98, 1.15]),
every splitting of (2.1.1) induces a k-form of G¯. Note that a trivial kernel may have
more than one associated k-form.
Back to a general smooth ks-group G¯, there is a group homomorphism (cf. [FSS98,
1.3])
r : SAut(G¯)→ Aut(G¯(ks)), (2.1.3)
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which may not be injective in general, as it is the case for finite algebraic groups. How-
ever, since Ker(r) and Int(G¯) are both normal in SAut(G¯) and have trivial intersection,
one can easily see that the subgroup generated by them is isomorphic to their direct
product. In particular, we see that r factors through the quotient by Int(G¯), giving a
homomorphism r¯ : SOut(G¯) → Out(G¯(ks)). This tells us that a k-kernel in G¯ is in
particular (via r¯ ◦ κ) a Γ-kernel in G¯(ks) in the sense of [Spr66, 1.12]. From now on, we
will always omit r¯ and simply denote by κ the corresponding Γ-kernel.
For a given k-kernel (G¯, κ), one may consider the set Z2(k, G¯, κ) of 2-cocycles and
the cohomology set H2(k, G¯, κ) is then defined as the set of equivalence classes of 2-
cocycles, cf. [FSS98, 1.17]. One can also consider the corresponding sets Z2(Γ, G¯(ks), κ)
and H2(Γ, G¯(ks), κ) in the context of group cohomology, as defined in [Spr66, 1.14–
1.15]. The latter are defined as follows: if G(ks) is considered as a discrete group and
Aut(G¯(ks)) is given the weak topology with respect to the evaluation maps, then an
element of Z2(Γ, G¯(ks), κ) is a pair (f, g) of continuous maps
f : Γ→ Aut(G¯(ks)) and g : Γ× Γ→ G¯(ks),
satisfying the following relations, for σ, τ, υ ∈ Γ,1
fσ mod Int(G¯) = κσ, (2.1.4)
fστ = int(gσ,τ ) ◦ fσ ◦ fτ , (2.1.5)
gσ,τυfσ(gτ,υ) = gστ,υgσ,τ . (2.1.6)
A cocycle (f, g) is equivalent to (f′, g′) if there exists a continuous map c : Γ → G(ks)
such that, for σ, τ ∈ Γ,
f′σ = (c · f)σ := int(cσ) ◦ fσ, (2.1.7)
g′σ,τ = (c · g)σ,τ := cστgσ,τ fσ(cτ )
−1c−1σ . (2.1.8)
A priori we should follow [FSS98] and not [Spr66] when working with Galois co-
homology. However, from what we said above about the arrow (2.1.3) we also deduce
that, given elements in Aut(G¯(ks)) and SOut(G¯) with the same image in Out(G¯(ks)),
there is a unique element in SAut(G¯) lifting both of them. Thus, by equation (2.1.4),
one sees that for a given cocycle (f, g) as above we may assume that f takes values in
the group SAut(G¯) in a canonical way. Using [FSS98, 1.13], one deduces a bijection
between 2-cocycles for a given k-kernel in the sense of [FSS98, 1.17] and 2-cocycles for
the corresponding Γ-kernel in the sense of [Spr66, 1.14–1.15]. We will hence identify
these two sets hereafter, as well as the correponding H2 sets, and work in the group
cohomology setting.
Recall finally that the subset N2(k, G¯, κ) of neutral elements of H2(k, G¯, κ) is defined
as those classes that are represented by a cocycle (f, g) such that g = 1.
1These are the relations given in [Bor93, 1.5], which differ by a sign from the ones in [Spr66] and
[FSS98].
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2.2 Actions by group automorphisms
Recall that a k-action of a k-group G on a k-scheme V is a k-morphism a : G×k V → V
such that the following diagrams commute
G×k G×k V
mG×idV //
idG×a

G×k V
a

G×k V
a // V,
Spec k ×k V ∼= V
idV //
e×idV

V
G×k V
a // V,
(2.2.1)
where e is the neutral element in G and mG : G ×k G → G denotes the multiplication
morphism. We will denote by a2 the natural k-action G×k V ×k V → V ×k V of G on
V ×k V obtained by acting via a on each component of V ×k V .
Definition 2.2. Let F,G be arbitrary algebraic k-groups. We will say that F acts on
G by group automorphisms if there is a k-action a : F ×kG→ G such that the following
diagram commutes
F ×k G×k G
idF×mG //
a2

F ×k G
a

G×k G
mG // G.
(2.2.2)
Proposition 2.3. Let F,G be smooth algebraic k-groups. Denote by fG the splitting of
sequence (2.1.1) naturally associated to the trivial k-kernel (Gks, κG) (see section 2.1).
Assume that F is finite. Then the following are equivalent:
1. F acts on G by group automorphisms.
2. there is a morphism of Γ-groups F (ks)→ Aut(Gks), where Γ acts on Aut(Gks) by
conjugation via fG,
3. there is a group homomorphism FΓ → SAut(Gks/k) sending F (ks) into Aut(Gks)
and γF (Γ) identically to fG(Γ) (see notations at the beginning of section 2).
Proof. 1 ⇒ 2: Let K/k be a separable extension and let f : SpecK → F be a K-
point of F . Consider the pullback of a by this point. This is a K-morphism af :
GK → GK which is seen to be an automorphism of GK thanks to diagram (2.2.2).
Moreover, diagram (2.2.1) tells us that f 7→ af defines a group homomorphism F (K)→
AutK(GK). Functoriality of a with respect to K tells us that these homomorphisms
are compatible with the action of Γ for finite separable extensions, hence a Γ-group
morphism F (ks)→ Aut(Gks).
2⇔ 3: This follows basically from the definition of a semi-direct product.
2 ⇒ 1: We may assume that F is a constant group. The existence of the k-action
in the general case follows by Galois descent from the Γ-equivariance of the morphism
(cf. [Ser75, V.20]). Under this assumption, the scheme F ×k G is a finite set of copies
Gf of G indexed by the k-points f of F . Hence, in order to define the k-morphism a it
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will suffice to define a k-morphism for each copy. We send then each Gf = G to G via
the image of f in Aut(Gks) (which is actually a k-morphism by Γ-equivariance). One
can easily check that this morphism satisfies diagrams (2.2.1) and (2.2.2).
⌣¨
2.3 F -kernels and outer actions
Let us now try to define an outer action of F on G, that is, an action up to inner
automorphisms, by analogy with the group cohomology and the Galois cohomology
settings.
Proposition 2.3 suggests the following definition.
Definition 2.4. Let F be a finite smooth algebraic k-group and G¯ a smooth algebraic
ks-group. An (F, k)-kernel (or F -kernel, for short) in G¯ is a group homomorphism
κ : FΓ → SOut(G¯) sending F (ks) to Out(G¯) and such that the restriction of κ to γF (Γ)
is a k-kernel.
For G a smooth algebraic k-group, we define an outer action of F on G to be an
F -kernel in Gks such that its restriction to γF (Γ) is the trivial kernel κG (cf. section 2.1).
By the same argument given in section 2.1, it is clear from the definition that an
F -kernel κ in G¯ corresponds to an FΓ-kernel in G¯(ks) in the sense of [Spr66, 1.12], abu-
sively still denoted by κ.
Consider now an extension of smooth algebraic k-groups
1→ G→ H → F → 1,
with finite F . We claim that such an extension defines an outer action of F on G.
Since G is a k-group, we get the natural trivial k-kernel κG in Gks (cf. section 2.1) given
by a splitting fG of sequence (2.1.1). Now, since G is smooth, we have H
1
fppf(ks, G) =
H1ét(ks, G) = 0 (cf. [Mil80, III.4]) and hence H(ks) surjects onto F (ks) by the classic
exact sequence in fppf cohomology. Choose then arbitrary preimages fˆ ∈ H(ks) for
f ∈ F (ks) and set, for (f, σ) ∈ FΓ = F (ks)⋊ Γ,
f(f,σ) := int(fˆ) ◦ (fG)σ ∈ SAut(Gks).
Define κ : FΓ → SOut(Gks) as the composition of the map f with the natural projection
SAut(Gks) → SOut(Gks). One easily verifies then that κ is a group homomorphism
restricting to κG on γF (Γ) and hence an outer action. This F -kernel induced by H is
easily seen to be independent of the choice of the preimages.
2.4 Nonabelian 2-cohomology and extensions
Recall that an F -kernel in G¯ corresponds to an FΓ-kernel in G¯(ks). Then one can define
cocycles and cohomology classes in the group-cohomological way, following [Spr66].
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Definition 2.5. For κ an F -kernel in G¯, we define Z2(F, G¯, κ) as the set of pairs (f, g)
of continuous maps
f : FΓ → Aut(G¯(ks)) and g : FΓ × FΓ → G¯(ks),
satisfying equations (2.1.4) to (2.1.6) for elements in FΓ. Consequently, the setH
2(F, G¯, κ)
is defined as the equivalence classes in Z2(F, G¯, κ) using equations (2.1.7) and (2.1.8)
for continuous maps c : FΓ → G(ks). The set N
2(F, G¯, κ) is that of neutral classes, i.e.
those that are represented by a cocycle (f, g) with g = 1.
If κ corresponds to an outer action of F on a smooth algebraic k-group G, then
we will replace G¯ by G in the notations above. Still in this last case, we denote by
Ext(F,G, κ) the set of k-isomorphism classes of extensions of F by G inducing κ.
Given this definition, we see that, for a smooth algebraic k-group G with an outer
action κ of F , the set H2(F,G, κ) classifies group extensions of FΓ by G(ks) (cf. [Spr66,
1.14–1.15]), while N2(F,G, κ) classifies those that are split. We want to compare this
set with the set Ext(F,G, κ).
Consider then a class ξ ∈ Ext(F,G, κ) and an extension
1→ G→ Hξ → F → 1,
representing ξ. As in last section, by smoothness of G, we get the same exact sequence
at the level of ks-points
1→ G(ks)→ Hξ(ks)→ F (ks)→ 1,
where the homomorphisms are Γ-equivariant. Consider now the extension
1→ Hξ(ks)→ Eξ → Γ→ 1,
given by the semi-direct product Eξ := Hξ(ks)⋊Γ associated to the natural action of Γ
on Hξ(ks). It is clear that the subgroup G(ks) of Hξ(ks) is normal in Eξ. Therefore, we
get an extension
1→ G(ks)→ Eξ → FΓ → 1,
which defines an FΓ-kernel in G(ks) (cf. [Spr66, 1.13]). Now it is easy to verify that this
FΓ-kernel is κ. We get then a class ϕ(ξ) ∈ H
2(F,G, κ) which is clearly independent of
the choice of the extension Hξ representing ξ. We have thus defined a map
ϕ : Ext(F,G, κ)→ H2(F,G, κ),
which clearly sends split extensions to neutral classes.
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2.5 Twisting by torsors on the smooth center of G
In order to understand which extensions of F by G map to the same class in H2(F,G, κ)
by this comparison map ϕ, we describe here an action of the groupH1(k, Z) on Ext(F,G, κ),
where Z is the smooth center of G.
Definition 2.6. Let G be a smooth algebraic k-group. We define the smooth center Z
of G as the largest smooth central k-subgroup of G.
Remark.
When k is perfect, if we denote by Z ′ the schematic center of G, then the smooth
center Z corresponds to the reduced subscheme Z ′red. Otherwise it corresponds to the
subscheme of Z given by [CGP10, Lem. C.4.1].
Consider again an arbitrary element ξ ∈ Ext(F,G, κ) and its associated extension
1→ G→ Hξ → F → 1.
The smooth center Z acts onHξ naturally by conjugation and thus, if we consider a class
α ∈ H1(k, Z) and a 1-cocycle z representing the image of this class in H1(k,Hξ), we can
consider the twisted group Hz ξ (see for example [Ser02, I.5.3]). This group is a k-form of
Hξ and has G as a normal k-subgroup since the action of Z on G by conjugation is trivial
and hence so is the twisting. Moreover, the quotient Hz ξ/G is clearly k-isomorphic to
F since the action of the whole group G on Hξ by conjugation gets trivialized when one
passes to the quotient Hξ/G = F . We have then a new extension
1→ G→ Hz ξ → F → 1,
which actually induces κ as well. Indeed, since Hξ(ks) = Hz ξ(ks), we see that the outer
action κz of F induced by Hz ξ coincides trivially with κ over F (ks) ⊂ FΓ, while over
γF (Γ) ⊂ FΓ it also coincides with κ merely by the definition of twisting: we have just
modified the action of γF (Γ) by inner automorphisms.
The extension Hξ represents then an element α · ξ in Ext(F,G, κ). Note that this
notation is not abusive, since the choice of another cocycle z′ would give a twisted group
Hz′ ξ which would be isomorphic to Hz ξ and one can easily see that the isomorphism will
reduce to identity on G and on F , giving thus an isomorphism of extensions. One can
then verify that this construction defines an action of H1(k, Z) on Ext(F,G, κ).
2.6 Comparing Ext(F,G, κ) and H2(F,G, κ)
Given an outer action κ : FΓ → SOut(Gks) of F on G as above, its restriction to the
subgroup γF (Γ) ⊂ FΓ is κG by definition. We have then the natural restriction map
H2(F,G, κ) = H2(FΓ, G(ks), κ)
Res
−−→ H2(Γ, G(ks), κG) = H
2(k,G),
where H2(k,G) is the classic set defined in [Bor93, 1.5]. Note that this is indeed a map
since it corresponds, following [Spr66, 1.18], to the relation (γF , idG)
2
∗
and idG is trivially
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surjective. It is moreover a surjective map since there is a natural inflation map that
goes the other way and defines a section. Recall that H2(k,G) admits a natural neutral
element corresponding to the semi-direct product GΓ = G(ks)⋊Γ. We can thus consider
H2(k,G) as a pointed set by taking this class as the base point.2
It follows from the definition of this relation that a class in H2(F,G, κ) represented
by an extension E of FΓ by G(ks) maps to this base point if and only if it is represented
by a 2-cocycle (f, g) ∈ Z2(F,G, κ) such that
g(1,σ1),(1,σ2) = 1, ∀ σ1, σ2 ∈ Γ,
and such that f(1,σ) corresponds to the natural action of σ on G(ks). This is also equiv-
alent to the existence of a commutative diagram
1 // G(ks) // GΓ

// Γ //
γF

γG
yy
1
1 // G(ks) // E // FΓ // 1.
Proposition 2.7. Let F be a finite smooth k-group, G be a smooth algebraic k-group
and let Z be its smooth center. Assume that there is an outer action κ of F on G. Then
the map ϕ defined in section 2.4 passes to the quotient of Ext(F,G, κ) by the action of
H1(k, Z) and defines a bijection
H1(k, Z)\Ext(F,G, κ)
∼
−→ Ker[H2(F,G, κ)
Res
−−→ H2(k,G)], (2.6.1)
where Ker(Res) means the preimage of the base point in H2(k,G).
Remark.
This result, as well as Proposition 2.10 here below, can be regarded as a simpler version
of [Dem15, Cor. 3.3.16] in a much more restrictive context. In particular, like in the
cited result, one can show that a class in Ext(F,G, κ) is mapped by ϕ to a neutral class
in H2(F,G, κ) if and only if it is a twist of a split extension.
Proof. We start by showing that the bijection is actually well defined.
The map (2.6.1) is well defined: It is clear by the construction of ϕ that the com-
position Res ◦ ϕ gives us the trivial extension G(ks) ⋊ Γ for any ξ ∈ Ext(F,G, κ),
thus ϕ actually falls into Ker(Res). We must show now that for α ∈ H1(k, Z) and
ξ ∈ Ext(F,G, κ) we have ϕ(α · ξ) = ϕ(ξ).
Let z ∈ Z1(k, Z) represent α, let
1→ G→ Hξ → F → 1 (resp. 1→ G→ Hz ξ → F → 1),
2Note that there may be other neutral elements in H2(k,G). However, they define other actions of
Γ over G(ks) (or, if one wishes, other k-forms of G) and hence our base point is uniquely defined.
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be an extension representing ξ (resp. α · ξ) and let
1→ G(ks)→ Eξ → FΓ → 1 (resp. 1→ G(ks)→ Ez ξ → FΓ → 1),
be the extension, representing ϕ(ξ) (resp. ϕ(α · ξ)), obtained by taking the semi-direct
product Eξ = Hξ(ks)⋊ Γ (resp. Ez ξ = Hz ξ(ks)⋊ Γ).
Recall that Z1(k, Z) classifies sections of the extension Z(ks)⋊ Γ. In particular, we
may interpret z as a section of Eξ = Hξ(ks)⋊ Γ via the natural inclusion. By definition
of twisting, the action of Γ on Hz ξ(ks) is given by conjugation in Eξ via the section
defined by z. In particular, the two semi-direct products are isomorphic by definition,
and actually there is a commutative diagram
1 // Hξ(ks) // Eξ //
φ∼

Γ // 1
1 // Hz ξ(ks) // Ez ξ // Γ // 1.
In particular, φ induces the identity on the subgroups G(ks) of Eξ and Ez ξ. And since
the image of the section z is in Z(ks) ⋊ Γ, both sections coincide once we quotient by
G(ks) on both sides, i.e. φ induces the identity on F (ks)⋊Γ = FΓ. This proves that the
map (2.6.1) is well defined.
The map (2.6.1) is surjective: Take a class in H2(F,G, κ), represented by an exten-
sion E of FΓ by G(ks), such that its image in H
2(k,G) is the base point. We get then
a commutative diagram
1 // G(ks) // GΓ

// Γ //
γF

γG
yy
1
1 // G(ks) // E // FΓ // 1.
Consider now the preimage of F (ks) (as a subgroup of FΓ) in E. This gives us an
extension
1→ G(ks)→ H¯ → F (ks)→ 1, (2.6.2)
that fits into a commutative diagram
1 // G(ks) //

GΓ

// Γ //
γG
zz
1
1 // H¯ // E // Γ // 1.
We see then that the lower exact sequence is split. Hence there is a natural action of
Γ on H¯, by conjugation in E, whose restrictions to G(ks) and F (ks) coincide with the
natural action of Γ given by the k-group structure of G and F respectively. In other
words, the extension (2.6.2) is Γ-equivariant.
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Moreover, since F (ks) is finite and smooth, H¯ can be naturally given the structure of
a smooth ks-algebraic group: as a ks-variety, it is a finite union of copies of Gks (one per
element of F (ks)) and the morphisms giving the group structure can be easily defined
using the ks-automorphisms f(f,1) for f ∈ F (ks). The action of Γ over H¯ is then seen
to define semialgebraic automorphisms: this is evident for the copy of Gks containing
the neutral element (since the action of Γ over G is by semialgebraic automorphisms)
and it can be deduced for the other components from the ks-group structure of H¯ by
translation. We conclude by [FSS98, 1.15] that H¯ descends into a smooth algebraic k-
group representing an element in Ext(F,G, κ). The fact that this element is a preimage
of the given class in H2(F,G, κ) is obvious.
The map (2.6.1) is injective: Let ξ1, ξ2 ∈ Ext(F,G, κ) be elements such that ϕ(ξ1) =
ϕ(ξ2). Since we have ϕ(ξi) ∈ Ker(Res), this means that we have the following commu-
tative diagram with exact rows:
1 // G(ks) // Eξ1
φ∼

// FΓ // 1
1 // G(ks)
▼▼▼▼▼▼▼
▼▼▼▼▼▼▼
qq
qq
qq
q
qq
qq
qq
q
// GΓ //
ι1
dd■■■■■■
ι2zz✈✈
✈✈
✈✈
Γ
γF
bb❊❊❊❊❊❊❊
γF||②②
②②
②②
②
//
γG
vv
1
1 // G(ks) // Eξ2 // FΓ // 1
(2.6.3)
where, for i = 1, 2, Eξi is the semi-direct product Hξi(ks)⋊ Γ. Let (f
i, gi) ∈ Z2(F,G, κ)
be a cocycle representing ϕ(ξi). The diagram tells us that we may choose them in such
a way that we have, for σ, τ ∈ Γ,
f1(1,σ) = f
2
(1,σ) = int(γG(σ)); (2.6.4)
g1(1,σ),(1,τ) = g
2
(1,σ),(1,τ) = 1, (2.6.5)
where, in order to lighten notation, we have identified Eξ1 and Eξ2 via φ and also γG(σ)
with its image in Eξi via ιi. Now, since these two 2-cocycles represent the same class in
H2(F,G, κ), there exists a continuous map z : FΓ → G(ks) such that, for all x, y ∈ FΓ
f2x = int(zx) ◦ f
1
x, (2.6.6)
g2x,y = zxyg
1
x,yf
1
x(zy)
−1z−1x . (2.6.7)
Let us recall how to obtain such a map z. The cocycles (fi, gi) are actually dependant
of the choice of respective sections si : FΓ → Eξi, both compatible with γG in order to
satisfy (2.6.4) and (2.6.5). Writing (g, x) := g · si(x) for g ∈ G(ks) and x ∈ FΓ, the
group Eξi can be seen as the set G(ks)× FΓ with the group law given by
(g1, x) · (g2, y) = (g1f
i
x(g2)g
i
x,y, xy),
for g1, g2 ∈ G(ks), x, y ∈ FΓ. In order to respect the commutativity of diagram (2.6.3),
the isomorphism φ must then satisfy, for g ∈ G(ks), x = (f, σ) ∈ FΓ,
φ(g, (1, 1)) = (g, (1, 1)),
φ(1, (f, σ)) = (z(f,σ), (f, σ)),
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with z(f,σ) ∈ G(ks). This is precisely our map z : FΓ → G(ks). Note that in particular
we have
φ(ι1(γG(σ))) = z(1,σ) · ι2(γG(σ)), ∀ σ ∈ Γ. (2.6.8)
Now, applying the different equalities on our 2-cocycles above, we get that:
• The restriction of z to γF (Γ) takes values in Z(ks), since (2.6.4) and (2.6.6) imply
int(z(1,σ)) = idG and we know that the ks-points of Z are those of the center of G.
• The restriction of z to γF (Γ) is a 1-cocycle, since (2.6.5) and (2.6.7) imply
z(1,σ)(1,τ)f
1
(1,σ)(z(1,τ))
−1z−1(1,σ) = 1, i.e. zστ = zσ z
σ
τ , ∀σ, τ ∈ Γ.
Otherwise stated, we get that the restriction of z to γF (Γ) ∼= Γ is in Z
1(k, Z). We claim
that this cocycle will do, i.e. if we denote
1→ G→ Hξi → F → 1, i = 1, 2,
the extensions representing respectively ξ1 and ξ2, we have Hξ2
∼= Hz ξ1 .
In order to prove this last assertion, it will suffice to prove that Γ acts in the same way
on Hz ξ1(ks) and Hξ2(ks). Notice that these two groups are identified via the isomorphism
φ of diagram (2.6.3) as the respective preimages of F (ks) ⊂ FΓ in Eξ1 and Eξ2 (recall that
Hz ξ1(ks) = Hξ1(ks) as groups). Moreover, the action of Γ on Eξi is given by conjugation
when one considers Γ as a subgroup via ιi ◦ γG in diagram (2.6.3). Thus, σ ∈ Γ acts on
Hξi(ks) via int(ιi(γG(σ))), hence on Hz ξ1(ks) via int(zσ)◦ int(ι1(γG(σ))) by the definition
of twisting. Recalling then equation (2.6.8), we see immediately that these actions are
the same on Hξ2(ks) and Hz ξ1(ks), which concludes the proof. ⌣¨
If one is interested in the stabilizers of the action of H1(k, Z) on Ext(F,G, κ), then
the first thing one should note is that they are trivial for obvious reasons when k = ks.
Now, since k-forms are always classified by the H1 of the automorphism group, we must
then try to see what this group looks like.
Proposition 2.8. Let E be an extension of a finite smooth k-group F of order n by a
smooth algebraic k-group G and let Z be the smooth center of G. Then the automorphism
group of the extension (i.e. automorphisms of E that induce the identity on F and G)
is isomorphic to the k-group Z1(F, Z) of Hochschild 1-cocycles.
Recall (cf. for instance [DG70, II.3.1]) that the k-points of Z1(F, Z) are k-morphisms
c : F → Z such that, if we denote by a : F × Z → Z the k-action induced by E, by ρ
the composition
F
id×c
−−→ F ×k Z
a
−→ Z,
and by mF , mZ the respective multiplication morphisms, then the following diagram
commutes:
F ×k F
mF

c×ρ // Z ×k Z
mZ

F
c // Z.
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Proof. This a straightforward calculation. Let ϕ : E → E be an isomorphism inducing
the identity on G and F . Since all groups are smooth, the composite morphism
E
∆
−→ E ×k E
id×(ιE◦ϕ)
−−−−−−→ E ×k E
mE−−→ E,
where ∆ is the diagonal morphism and ιE , mE are the inverse and multiplication in E,
is easily seen to fall into the smooth center Z of G ⊂ E. Moreover, it also passes to the
quotient by G and hence defines a k-morphism F → Z which corresponds to an element
of Z1(F, Z).
On the other hand, a morphism c : F → Z in Z1(F, Z) induces an isomorphism ϕ
of E fixing both F and G by considering the composition
E
id×(c◦pi)
−−−−−→ E × Z
mE−−→ E,
where π denotes the projection E → F . These two constructions are the inverse of each
other. ⌣¨
Having proved this, we see that every element in Ext(F,G, κ) has the same auto-
morphism group and hence H1(k, Z1(F, Z)) acts naturally on Ext(F,G, κ). Then, by
construction, we get the following.
Corollary 2.9. The action ofH1(k, Z) on Ext(F,G, κ) is via its image onH1(k, Z1(F, Z))
through the coboundary morphism
Z → Z10 (F, Z) : z 7→ (f 7→ z z
f −1).
In particular, the stabilizers are all the same and include the image of H1(k, ZF ) in
H1(k, Z), where ZF denotes the k-subgroup of F -invariant elements. ⌣¨
Remark.
Denote by B1(F, Z) the image of the coboundary morphism. The stabilizers could then
be bigger if the map H1(k, B1(F, Z))→ H1(k, Z1(F, Z)) is not injective, which amounts
to the non-surjectivity of the map Z1(F, Z)(k) → H10 (F¯ , Z¯)
Γ, where H10 denotes the
Hochschild cohomology. This does not seem to be evident to verify however.
2.7 The case of a commutative group
In the particular case of a smooth commutative group A, we have Z = A and the outer
action of F on A becomes an action by group automorphisms by Proposition 2.3. It is
well known that in this setting the sets Ext(F,A, κ), H2(F,A, κ) and H i(k, A) have a
natural group structure (see for example [SGA3, XVII, App. I] for the first one, [Ser02,
I.2, II.1] for the second and third ones). One can easily see then that the map
H1(k, A)
ψ
−→ Ext(F,A, κ)
α 7→ α · 0,
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is a group homomorphism, where 0 represents the trivial element in Ext(F,A, κ) (i.e.
the class of the semidirect product). In the same fashion, the maps
Ext(F,A, κ)
ϕ
−→ H2(F,A, κ),
H2(F,A, κ)
Res
−−→ H2(k, A),
defined as above, are also group homomorphisms. For the former, one only needs to
remark that H2(F,A, κ) is described by extensions of FΓ by A(ks) and the way of
mutiplying extensions in both cases is the same. Proposition 2.7 then becomes:
Proposition 2.10. Let A, F , be smooth algebraic k-groups such that A is commutative,
F is finite of order n and F acts on A by group automorphisms (via κ, as above). Then
the sequence
H1(k, A)
ψ
−→ Ext(F,A, κ)
ϕ
−→ H2(F,A, κ)
Res
−−→ H2(k, A),
is exact. In particular, Ext(F,A, κ) is a torsion group and, if H1(k, A) is d-torsion,
then Ext(F,A, κ) is an nd-torsion group.
Proof. We only have to prove the last two statements. The classic restriction-corestriction
argument tells us that the image of ϕ is killed by n since γF (Γ) is of index n in FΓ. On
the other side, it is well known that H1(k, A) is torsion simply because Γ is profinite
(cf. [Ser02, I.2.2, Cor. 3]). The last assertion is then evident. ⌣¨
2.8 Description of Ext(F,G, κ) via the smooth center of G
It is a known fact that the H2 set of a given kernel is a principal homogeneous space
of the H2 group of its center (cf. for instance [Spr66, 1.17]). Considering that this has
a clear translation into the language of group extensions, one would be tempted to see
if there is such a relation between the set Ext(F,G, κ) and the corresponding group
Ext(F, Z, κ), where we abusively still denote by κ the kernel induced on the smooth
center Z of G.
In order to do so, let us recall first how to obtain an F -kernel (and hence an action)
on the smooth center of a group with an outer action. Let G be a smooth algebraic
k-group and let Z be its smooth center. Assume that there is an outer action κ of F
on G. Then it suffices to compose κ with the natural homomorphism SOut(Gks) →
SOut(Zks) induced by the same homomorphism at the level of SAut. Recalling then
that SOut(Zks) = SAut(Zks) because Z is commutative, and that κ is a splitting of
(2.1.2) when restricted to γF (Γ), we get the desired action by Proposition 2.3.
As a particular case of the nonabelian group cohomology theory, we get then the
following result, cf. [Spr66, 1.17].
Proposition 2.11. Let F be a finite algebraic smooth k-group and let G be a smooth
algebraic k-group. Assume that there is an outer action κ of F on G. Let Z be the
smooth center of G and denote also by κ the algebraic action induced on Z. Then
H2(F, Z, κ) acts freely and transitively on H2(F,G, κ). ⌣¨
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Let us now define an action of Ext(F, Z, κ) on Ext(F,G, κ) by following the construc-
tion in abstract group theory. Consider ξ ∈ Ext(F,G, κ) and ζ ∈ Ext(F, Z, κ). Take
extensions
1→ G→ Hξ → F → 1 and 1→ Z → Hζ → F → 1,
representing ξ and ζ respectively and consider their direct product
1→ G×k Z → Hξ ×k Hζ → F ×k F → 1.
Consider now the diagonal subgroup F of F ×k F and take preimages in order to get
1→ G×k Z → H → F → 1. (2.8.1)
Consider now the multiplication k-morphism G×kZ → G. This is clearly H-equivariant
and hence the kernel of such a morphism is normal in H . One may thus take quotients
by this kernel in order to get the extension
1→ G→ Hξ′ → F → 1,
representing a class ξ′ ∈ Ext(F,G, κ). We set then ζ · ξ := ξ′. This definition is clearly
independent of the choice of the extensions representing ξ and ζ .
Fix now a class ξ ∈ Ext(F,G, κ) and define the following maps:
ψξ : H
1(k, Z) → Ext(F,G, κ) : α 7→ α · ξ,
θξ : Ext(F, Z, κ) → Ext(F,G, κ) : ζ 7→ ζ · ξ,
θϕ(ξ) : H
2(F, Z, κ) → H2(F,G, κ) : η 7→ η · ϕ(ξ),
θ : H2(k, Z) → H2(k,G) : η 7→ η · η0,
where η0 denotes the base point of H
2(k,G) as defined at the beginning of section 2.6.
The third and fourth maps are immediately seen to be bijective by Proposition 2.11 and
[Spr66, 1.17].
Proposition 2.12. Under the hypotheses of Proposition 2.11, there is a commutative
diagram with exact rows
Ker(ψ) // H1(k, Z)
ψ // Ext(F, Z, κ)
θξ
ϕ // H2(F, Z, κ)
θϕ(ξ)∼ 
Res // H2(k, Z)
θ∼ 
Ker(ψ) // H1(k, Z)
ψξ // Ext(F,G, κ)
ϕ // H2(F,G, κ)
Res // H2(k,G),
where the base point in H2(F,G, κ) is ϕ(ξ). In particular, the action of Ext(F, Z, κ) on
Ext(F,G, κ) is simply transitive.
Proof. The exactness of both rows follows from Propositions 2.7 and 2.10 and Corollary
2.9. The last one is needed to prove that Ker(ψ) is indeed the kernel on the second row.
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Commutativity in the square on the right hand side is trivial when one looks at it
at the level of cocycles. The same is true for the two squares on the left hand side, by
Corollary 2.9 for the first and by functoriality of the twisting procedure for the second.
We must prove then commutativity in the middle square, which is also done at the level
of cocycles. Indeed, it suffices to follow the definition of the action of Ext(F, Z, κ) over
Ext(F,G, κ) defined above. Let (f, g) be a cocycle representing ϕ(ξ). Then f restricts
to Z(ks) as the natural action of FΓ. In particular, we may denote by (f|Z , z) a cocycle
representing ϕ(ζ) for ζ ∈ Ext(F, Z, κ). It is then easy to see that the image by ϕ of
the extension (2.8.1) is represented by (f× f|Z , g× z) and hence the cocycle representing
ϕ(ζ · ξ) is (f, zg) since fx is compatible with the multiplication morphism for x ∈ FΓ.
This is precisely the cocycle representing θϕ(ξ)(ϕ(ζ)) = ϕ(ζ)·ϕ(ξ) by [Spr66, 1.17], which
proves commutativity.
Finally, the simple transitivity of the action of Ext(F, Z, κ) on Ext(F,G, κ) is easily
proved by diagram chasing. ⌣¨
3 Reduction of extensions
In this section, we follow the “dévissage” ideas in [Spr66, §3], in which Springer proves
the following theorem in the context of k-kernels.
Theorem 3.1. [Spr66, Thm. 3.4] Let k be a perfect field, let G¯ be a (smooth) algebraic
ks-group and let κ be a k-kernel in G¯. Then for every η ∈ H2(k, G¯, κ) there exists a
finite nilpotent subgroup H¯ of G¯ and a k-kernel λ in H¯, compatible with κ, such that
η ∈ ι2
∗
(H2(k, H¯, λ)), where ι : H¯ → G¯ denotes the inclusion.
The notation η ∈ ι2
∗
(H2(k, H¯, λ))means that there exists a class ξ ∈ H2(k, H¯, λ) that
is related to η via the relation ι2
∗
(cf. [Spr66, 1.18]). This is equivalent to the existence
of a commutative diagram
1 // H¯(ks) //
ι

Eξ

// Γ // 1
1 // G¯(ks) // Eη // Γ // 1,
where Γ denotes Gal(ks/k) as always, Eξ represents ξ and Eη represents η.
Remark.
Springer’s theorem asserts moreover that H¯ is defined over k. This assertion however
does not make much sense unless the group G¯ itself is defined over k (a finite group
can always be given the structure of a constant group over any field). We decided then
to take this assertion as a typo, since there is no mention of it in the proof (Springer’s
Proposition 3.1 and Lemmas 3.2, 3.3, which are used in his proof, do not have this
assertion). One could wonder if Springer actually had a proof of the existence of finite
k-groups factoring extensions for an arbitrary algebraic k-group. All the more since we
show here below that the same techniques can actually give such a result.
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We restrict from now on to a perfect field k.
Theorem 3.2. Let k be a perfect field of characteristic p ≥ 0. Let F be a smooth finite
k-group of order n, and G an arbitrary smooth k-group. Then, given an extension
1→ G→ H → F → 1, (⋆)
there exists a finite smooth k-subgroup S of G and a commutative diagram with exact
rows
1 // S

// H ′

// F // 1
1 // G // H // F // 1.
Moreover, if G is linear, let T be a maximal torus in G, W be the Weyl group of G
(that is, the finite group of connected components of the normalizer of T ) and K/k be a
separable algebraic extension splitting T . Denote by r the rank of T , w the order of W
and d the degree of K/k. Assume that either nw is prime to p or that G◦ is reductive.
Then one can take S to be contained in an extension of W by the ndw-torsion subgroup
of T , hence of order dividing (nd)rwr+1.
Remark.
The first part of this result has been recently proved by Brion (cf. [Bri15, Thm. 1])
for any field k and with no smoothness assumption on G or F . It had already been
claimed to be true for any perfect field k more than 50 years ago by Borel and Serre
(cf. [BS64, Lem. 5.11, footnote on p. 152]), although they only gave the proof for linear
G and k = ks of characteristic zero. Platonov gave shortly after a proof of this fact
for linear groups over a perfect field (cf. [Pla66, Lem. 4.14]). The second part has been
already proved by the author in the particular case in which G is itself a torus and nd
is prime to p. Other particular cases had been treated for example in [Vin96, Prop. 7]
and [LMMR13, Lem. 5.2].
Before we get started, let us prove a technical lemma that will be used in the proof.
Lemma 3.3. Let k be a field. Let F be a smooth finite k-group and G an arbitrary
smooth k-group. Let H be an extension of F by G, κ the outer action of F on G induced
by this extension and ξ ∈ Ext(F,G, κ) the corresponding class. Let (f, g) ∈ Z2(F,G, κ)
be a cocycle representing ϕ(ξ) ∈ H2(F,G, κ) (cf. section 2.4).
Assume that the restriction of (f, g) to γF (Γ) gives the trivial cocycle (fG, 1) associated
to the k-group G (cf. section 2.1). Assume moreover that there exists a smooth ks-
subgroup M¯ of Gks, invariant by f(f,σ) for all (f, σ) ∈ FΓ, such that the image of g is
contained in M¯(ks).
Then there exists a smooth k-subgroup M of G inducing the inclusion of M¯ and a
commutative diagram with exact rows
1 //M

// H ′

// F // 1
1 // G // H // F // 1.
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Proof. Since the restriction of f to γF (Γ) corresponds to the natural action of Γ on G(ks)
by hypothesis and since M¯(ks) is stable by this action, we get that M¯ comes actually
from a smooth k-subgroup M of G. The cocycle (f, g) can then be seen as an element of
Z2(F,M, κ′) where κ′ is the F -kernel (and outer action) induced by the restriction of f
to M . By “functoriality” of the H2 sets (cf. [Spr66, 1.18]) with respect to the inclusions
M(ks) → G(ks) and γF (Γ) → FΓ, this implies the existence of a commutative diagram
with exact rows
1 //M(ks) //
♠♠♠
♠♠♠♠♠♠
♠♠
♠

MΓ

//
yyrrr
rr
r
Γ //
γF
yytt
tt
tt
γM
uu
1
1 //M(ks) //

E ′

// FΓ // 1
1 // G(ks) //
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
GΓ //
yyrrr
rr
rr
Γ //
γFyytt
tt
tt
γG
vv
1
1 // G(ks) // E // FΓ // 1,
where E is an extension representing ϕ(ξ) and E ′ represents the class in H2(F,M, κ′)
given by the cocycle (f, g), which “maps” to ϕ(ξ).
Consider the preimages of F (ks) ⊂ FΓ in the front rows of the diagram. We get a
subgroup H¯ ′ of H(ks) that fits into the following commutative diagram
1 //M(ks) //
vv♠♠♠
♠♠
♠

MΓ

//
yyrrr
rr
r
Γ //
✈✈
✈✈
✈✈
✈
✈
✈
γM
vv
1
1 // H¯ ′(ks) //

E ′

// Γ // 1
1 // G(ks) //
vv♠♠♠
♠♠
♠
GΓ //
yyrrr
rr
rr
Γ //
✉✉
✉✉
✉✉
✉
✉✉
✉✉
✉
γG
vv
1
1 // H(ks) // E // Γ // 1,
where we see H¯ ′ as a smooth ks-subgroup of Hks. This can be done since its connected
component M¯ = Mks already is a ks-subgroup and H¯
′ is just a finite set of translates of
Mks (one per element of F (ks)).
The diagram tells us that there are natural compatible splittings of the exact se-
quences on the front. The splitting on the lower part of the diagram gives moreover
the natural action of Γ on H(ks) (recall that E = H(ks) ⋊ Γ by definition). We see
then that H¯ ′(ks) is stable by this action. We deduce then that H¯
′ comes in fact from
a k-subgroup H ′ of H . This k-group is clearly an extension of F by M and fits into a
commutative diagram as the one in the statement of the lemma. ⌣¨
Proof of Theorem 3.2. The extension (⋆) induces an outer action κ of F on G and
corresponds to a class ξ ∈ Ext(F,G, κ). The proof follows the reasoning of Springer and
goes by successive generalizations.
19
Step 1: the case of tori and abelian varieties. Assume that G is either a torus
or an abelian variety. Then κ defines an action by group automorphisms of F on G
by Proposition 2.3. The result is then a consequence of Proposition 2.10. Indeed, since
Ext(F,G, κ) is a torsion group, then there exists some m ∈ N such that m · ξ = 0.
Consider then the exact sequence
1→ G[m]→ G
m
−→ G→ 1,
where G[m] denotes the m-torsion of G. Using diagram (2.2.2) one can see that this
action restricts to an action of F on G[m], abusively still denoted by κ. We get then an
exact sequence (cf. [SGA3, XVII, App. I, Prop. 2.1])
Ext(F,G[m], κ)→ Ext(F,G, κ)
m
−→ Ext(F,G, κ).
We see thus that ξ comes from Ext(F,G[m], κ), which gives us a commutative diagram
1 // G[m]

// H ′

// F // 1
1 // G // H // F // 1.
Recall now that S := G[m] is finite for G a torus or an abelian variety. Moreover, in the
case of a torus, we know that H1(k,G) is d-torsion by the classic restriction-corestriction
argument and Hilbert’s theorem 90. We deduce again from Proposition 2.10 that we
may take m = nd and hence the order of S is (nd)r.
Finally, consider the smooth k-subgroup H ′red of H
′ corresponding to the reduced
subscheme of H ′ (which is a subgroup since k is perfect). This is easily seen to be an
extension of F by Sred, which is a smooth k-subgroup of S and hence of order dividing
(nd)r in the case where G is a torus.
Step 2 : the connected unipotent case. Since k is perfect, we know that G
admits a characteristic decomposition series in which every quotient is isomorphic to Ga
(cf. [SGA3, XVII, Cor. 4.1.3]).
Let us treat first the case where G ∼= Ga. In this case, Proposition 2.10 tells us
that Ext(F,G, κ) is isomorphic to H2(F,G, κ) since H i(k,G) = 0 for i = 1, 2 (cf. [Ser02,
III.2.1, Prop. 6]). Assume that n is prime to p and consider the Hochschild-Serre spectral
sequence in group cohomology
Hp(Γ, Hq(F (ks), G(ks)))⇒ H
p+q(FΓ, G(ks)) = H
p+q(F,G, κ).
Then Hq(F (ks), G(ks)) = 0 for every q > 0 since multiplication by n in G(ks) is an
isomorphism and Hq(F (ks), G(ks)) is n-torsion. Thus H
2(F,G, κ) is isomorphic to
H2(Γ, H0(F (ks), G(ks))). Since the automorphism group of G = Ga is Gm, we see
by Proposition 2.3 that the action of F (ks) on G(ks) = ks must be by homotheties and
hence H0(F (ks), G(ks)) is either G(ks) or 0 and thus H
2(Γ, H0(F (ks), G(ks))) is also
trivial (since H2(Γ, G(ks)) = H
2(k,G) = 0). We deduce that in this case the group
Ext(F,G, κ) is trivial and hence (⋆) is a semi-direct product and one can take H ′ ∼= F .
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Assume now that k has positive characteristic and make no assumptions on n. Then,
if (f, g) is a cocycle representing ϕ(ξ) ∈ H2(F,G, κ), we know that g : F 2Γ → G(ks) has
a finite image by continuity since FΓ is profinite. Moreover, f is equal to κG over γF (Γ)
since G is abelian. Then the FΓ-invariant subgroup S¯ of G(ks) generated by the image
of g is also finite since G(ks) is p-torsion and the action of FΓ over G(ks) is continuous.
Thus S¯ may be considered as a smooth ks-subgroup. Lemma 3.3 applies then, giving us
a k-form S of S¯ and a commutative diagram with exact rows
1 // S

// H ′

// F // 1
1 // G // H // F // 1.
The general case is easily deduced from the previous one by induction. Indeed,
let G/G1 ∼= Ga be the first quotient obtained from the characteristic decomposition
of G. We assume that the result is true for G1 and any finite group F . Since G1 is
characteristic in G, it is normal in H . Taking then quotients by G1, we get an extension
1→ Ga → H/G1 → F → 1,
from which we can get a smooth finite k-subgroup S0 of Ga and a commutative diagram
1 // S0

// H0

// F // 1
1 // Ga // H/G1 // F // 1.
Consider then the preimage of H0 in H : it is an extension of the finite k-group H0 by
G1 and hence by assumption it admits a finite k-subgroup H
′ extension of H0 by a finite
subgroup S1 of G1. This H
′ is clearly an extension of F by a finite subgroup S of G
pulling back (⋆).
Assume at last once again that n is prime to p. Then it is clear that in each induction
step above we may assume the groups S0 and S1 to be trivial and hence the finite group
H ′ obtained will be isomorphic to F . We deduce that (⋆) is in this case a semi-direct
product.
Step 3: the linear case. Let T be a maximal torus of G and let N = NG(T ) be
the normalizer of T in G. It is a smooth k-subgroup by [SGA3, VIB, Prop. 6.2.5; XI,
Cor. 2.4]. The neutral connected component N◦ of N is nilpotent (cf. [SGA3, XII,
Cor. 6.7]), hence it is isomorphic to a direct product T ×k U with U a unipotent group
(cf. [SGA3, XVII, Thm. 7.3.1, Thm. 6.1.1]). We will first show that we can pull back
(⋆) to an extension of F by N .
Let (f, g) be a cocycle representing ϕ(ξ). By Proposition 2.7, we may assume that
(f, g) restricted to γF (Γ) ⊂ FΓ is (fG, 1). Consider then, for (f, σ) ∈ FΓ the ks-subgroup
f(f,σ)(T ) of G. This is a maximal torus and hence it is conjugate to T over ks (cf. for
example [SGA3, XII, Thm. 1.7]), i.e. there exists c(f,σ) ∈ G(ks) such that f(f,σ)(T ) =
c−1(f,σ)Tc(f,σ). Now, from our assumption on (f, g) it is easy to see that one may take
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c(1,σ) = 1 for every σ ∈ Γ. Since γF (Γ) is clearly open in FΓ, this implies that one may
choose the c(f,σ) in order to get a continuous map c : FΓ → G(ks) which is trivial on
γF (Γ) and hence, up to changing (f, g) by (c · f, c · g) (see Definition 2.5), we may further
assume that f(f,σ) fixes T for all (f, σ) ∈ FΓ.
It suffices then to look at equation (2.1.5) to see that g must take values in N(ks).
And since f(f,σ) stabilizes T , it also stabilizes N for all (f, σ) ∈ FΓ. Lemma 3.3 applies
then, giving us the following commutative diagram
1 // N

// H0

// F // 1
1 // G // H // F // 1.
One should note by the way that the k-form of N¯ = Nks given by Lemma 3.3 is N
itself since the modifications done above on f do not change its restriction to γF (Γ) and
hence do not change the natural action of Γ. It suffices then to prove the result for this
extension H0.
Recall now that N sits in an extension
1→ T ×k U → N →W → 1,
with U a smooth connected unipotent group. In particular, since T ×kU = N
◦ is clearly
normal in H0, we get an extension
1→ N◦ → H0 → F
′ → 1,
where F ′ is an extension of F by W and hence a finite group. Consider now this last
extension and take quotients by U and by T . We get extensions
1→ R→ HR → F
′ → 1,
where R denotes either T or U . Steps 1 and 2 tell us then that there exists a finite
smooth k-subgroup SR ⊂ R and a commutative diagram with exact rows
1 // SR

// H ′R

// F ′ // 1
1 // R // HR // F
′ // 1.
Consider then the direct product of HT and HU . One easily sees that there is a com-
mutative diagram
1 // ST ×k SU

// H ′T ×k H
′
U

// F ′ ×k F
′ // 1
1 // T ×k U // HT ×k HU // F
′ ×k F
′ // 1.
Consider now the diagonal subgroup F ′ of F ′ ×k F
′ and take the preimages of this
subgroup in both rows. Since Aut(N◦ks) = Aut(Tks) × Aut(Uks) (both subgroups are
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characteristic), it is then easy to see that in the lower row we recover our group H0.
Setting then S ′ := ST ×k SU we get the commutative diagram
1 // S ′

// H ′

// F ′ // 1
1 // N◦ // H0 // F
′ // 1.
Define S as the preimage of W ⊂ F ′ in H ′. This group is smooth and finite since W
and S ′ are. We see then that H ′ is an extension of F by a subgroup S of N pulling back
the extension H0, hence pulling back (⋆). Moreover, if G
◦ is reductive, then U = {1},
cf. [SGA3, XIX, Lem. 1.6.2]. And if nw is prime to p, step 2 tells us that we may assume
SU to be trivial. In both cases, S becomes an extension of W by ST whose order divides
(ndw)r by step 1. The order of S divides then (nd)rwr+1.
Step 4: the general case. This is simply an application of the previous steps. Indeed,
for G an arbitrary smooth k-group there is always an exact sequence
1→ G◦ → G→ F ′ → 1,
where G◦ is connected and characteristic in G and both F ′ = G/G◦ and G◦ are smooth.
In particular, extension (⋆) gives rise to an extension
1→ G◦ → H → F ′′ → 1,
where F ′′ is also finite and smooth, since it is an extension of F by F ′. We easily reduce
then to the case where G is connected. Now, for a smooth connected k-group G, there
is a unique exact sequence
1→ L→ G→ A→ 1,
where L is a smooth connected linear k-group and A is an abelian variety. (cf. [Con02]).
And since L is characteristic in G, the same induction process we applied in step 2 works
here (take quotients by L, use step 1 to deal with A, then step 3 to deal with L). This
concludes the proof. ⌣¨
4 Some finiteness results
Notations are as above. Given Proposition 2.12 and Theorem 3.2, one can prove the
finiteness of Ext(F,G, κ) under convenient hypotheses.
Following Serre (cf. [Ser02, III.4.2]), we say that a field k is of type (F) if it is perfect
and if, for every n ≥ 1, there exist only a finite number of subextensions of ks of degree
n over k. Examples of such fields are R, C((T )), finite fields and p-adic fields. For such
fields, one can state the following result.
Theorem 4.1. Let k be a field of type (F) of characteristic p ≥ 0, let F be a finite
smooth k-group of order n and let G be a smooth k-group. Assume there is an outer
action κ of F on G. Assume moreover that one of the following holds:
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1. k is finite;
2. G is linear and n is prime to p;
3. G has a reductive neutral component.
Then the set Ext(F,G, κ) is finite.
Proof. By Proposition 2.12, we know that Ext(F, Z, κ) acts transitively on Ext(F,G, κ).
It will suffice then to prove the case where G is commutative. Moreover, since the exact
sequence
1→ G◦ → G→ G/G◦ → 1,
is clearly F -equivariant, we can reduce to the case where G is either finite or connected
by [SGA3, XVII, App. I, Prop. 2.1].
Assume then first that G is finite and commutative. Using Proposition 2.10, we
see that we only need to show finiteness of H1(k,G) and of Im(ϕ) = Ker(Res), where
Res is the restriction map H2(F,G, κ) → H2(k,G). The group H1(k,G) is finite by
[Ser02, III.4.1, Prop. 8]. As for H2(F,G, κ) = H2(FΓ, G(ks)), it can be calculated via
the spectral sequence
Ep,q2 = H
p(Γ, Hq(F (ks), G(ks)))⇒ H
p+q(FΓ, G(ks)) = E
p+q.
Let us look at the terms with p + q = 2. The term E0,22 is finite simply because F (ks)
and G(ks) are finite groups. This is also the case for E
1,1
2 by finiteness of F (ks) and
H1(k,G). Finally, recall that for the term E2,02 there is a natural morphism
E2,02 = H
2(Γ, H0(F (ks), G(ks)))→ H
2(FΓ, G(ks)) = E
2,
which corresponds to inflation for the quotient map FΓ → Γ. Composing this morphism
with Res, and denoting by GF the biggest smooth k-subgroup of G that is invariant
by the action of F , this corresponds to the natural morphism H2(k,GF ) → H2(k,G),
whose kernel is a quotient of the finite group H1(k,G/GF ) (this is once again a conse-
quence of [Ser02, III.4.1, Prop. 8]). One sees then that the part of the image of E2,02
that actually falls into the kernel of Res is a finite group. This proves that the whole
group Ker(Res) is finite.
Assume now that G is connected and commutative. In cases 2 and 3, the result is
then a corollary of Theorem 3.2 (note that the Weyl group is trivial for G connected
and commutative). Indeed, then we know that there exists a positive integer m and a
finite smooth k-subgroup S of the m-torsion of the maximal torus of G such that the
map
Ext(F, S, κ)→ Ext(F,G, κ),
is surjective. We are then reduced to the finite case which we have already proved.
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Finally, in case 1, every extension of F by G induces a natural G-torsor over F and
hence an element of H1ét(F,G). This element is clearly trivial since F as a variety is a
product of separable extensions of k and hence of finite fields, whence the triviality of
the whole H1ét(F,G) by Lang’s theorem (cf. [Lan56]). We deduce that every extension is
a trivial torsor and hence admits a schematic section. Thus Ext(F,G, κ) is isomorphic
to the Hochschild cohomology group H20 (F,G) (cf. [SGA3, XVII, App. I, Prop. 3.1]).
Let us show then that this last group is finite in this context.
Recall that Hochschild cohomology groups are obtained as the derived functors of
the functor A 7→ AF (k) (cf. [DG70, II.3.1.3]). Let K/k be a finite Galois extension such
that FK is constant. We can see this functor as the composition of three functors
A 7→ AK 7→ [A
FK
K (K) = A
F (K)] 7→ AF (k),
where the last one is simply the functor of fixed-ΓK/k-points (where ΓK/k denotes of
course the corresponding Galois group). Since the first of these three functors is clearly
exact, Grothendieck’s spectral sequence for the other two functors gives then, for our
group G,
Hp(ΓK/k, H
q
0(FK , GK))⇒ H
p+q
0 (F,G).
Now, since FK is a constant group, we have H
q
0(FK , GK) = H
q(F (K), G(K)) (cf. [DG70,
III.6, Prop. 4.2]) and hence this group is finite for every q since both F (K) and G(K)
are finite for a finite field K. The finiteness of ΓK/k gives then the finiteness of every
term of the spectral sequence and hence in particular of H20 (F,G). ⌣¨
Remarks.
1. The extra hypothesis for linear G is necessary. Indeed, Proposition 2.10 and [Ser02,
III.2.1, Prop. 6] tell us that for G connected abelian and unipotent we have that
Ext(F,G, κ) is equal to H2(F,G, κ). Take then for example G = Ga and F = Z/pZ with
trivial action and consider the groupH0(Γ, H2(F (ks), G(ks))). Since F is cyclic, we have
H2(F (ks), G(ks)) = Hˆ
0(F (ks), G(ks)) = G(ks) and hence H
0(Γ, H2(F (ks), G(ks))) =
G(k) = k, that is, an infinite group if k is not finite. Now, by the spectral sequence used
above, this group appears as a quotient ofH2(F,G, κ). Indeed, since the p-cohomological
dimension of Γ is ≤ 1 (cf. [Ser02, II.2.2, Prop. 3]), it is easy to see that this infinite group
does not disappear in the spectral sequence and hence our H2(F,G, κ) actually surjects
onto it.
2. This last remark also tells us that the situations in which one can always reduce
extensions to the same finite k-subgroup in Theorem 3.2 cannot be much more general
in the case of linear G, otherwise we would get a proof of finiteness of Ext(F,G, κ) in
these cases too by reduction to that particular finite subgroup. One could wonder for
example about the case in which n is prime to p but w, the order of the Weyl group of
G, is not. In this case we have proved finiteness of Ext(F,G, κ) and hence we should be
able to reduce all of these extensions to a certain finite k-subgroup, but controlling its
order would then be another issue.
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